Clinical medical imaging has come a long way since the discovery of X-rays by Wilhelm Roentgen in 1895. Conventional planar X-ray imaging is still very much used, albeit often using more sensitive solid state digital detectors rather than film. X-rays are also used in CT scanners to provide exquisite 3D views of anatomy, particularly bone structure. Positron emission tomography (PET) is a much more recent tool, capable of 3D imaging of metabolic process, it has applications in oncology and basic research. Ultrasound is also a relatively recent tool, it is relatively inexpensive, quick and easy to use, it has many applications, including obstetrics-where it is safe to use because it does not need ionising radiation. Finally, there is magnetic resonance imaging (MRI). Introduced in the mid 1980s at roughly a similar time to PET and CT, it uses dramatically different physical principles to the other modalities and has also turned out to be far more versatile in its range of applications than any other modality.
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Preface
Clinical medical imaging has come a long way since the discovery of X-rays by Wilhelm Roentgen in 1895. Conventional planar X-ray imaging is still very much used, albeit often using more sensitive solid state digital detectors rather than film. X-rays are also used in CT scanners to provide exquisite 3D views of anatomy, particularly bone structure. Positron emission tomography (PET) is a much more recent tool, capable of 3D imaging of metabolic process, it has applications in oncology and basic research. Ultrasound is also a relatively recent tool, it is relatively inexpensive, quick and easy to use, it has many applications, including obstetrics-where it is safe to use because it does not need ionising radiation. Finally, there is magnetic resonance imaging (MRI). Introduced in the mid 1980s at roughly a similar time to PET and CT, it uses dramatically different physical principles to the other modalities and has also turned out to be far more versatile in its range of applications than any other modality. MRI uses magnetic fields not ionising radiation and hence is just as safe to use as ultrasound, however the necessary equipment is certainly more complicated and expensive. The physical principles involved are also very different, they are subtle, complex and a wonderful example of physics in action.
There are already many books on the subject of MRI-so why another one? We would argue that most of the existing books are either aimed at a clinical readership and emphasise how to use MRI and interpret the resulting images or they are rather abstract, and while containing a great deal of technical detail they are not good introductions to the subject. We see our book as occupying a niche between these two extremes and see it as a useful and rewarding introduction to MRI for readers with a background in engineering or physical sciences. For example, we hope it will be useful for students doing a medical physics option as part of their undergraduate course.
We make no apology for there being a lot of equations in this book. The mathematics is intended to be accessible to people with a background equivalent to an undergraduate course in physical sciences or engineering. Also much of the mathematics is presented in a rather pedagogical way-we hope readers will try to follow the steps and hence appreciate the elegant relationships between the underlying mathematics and the final clinical images. We have not included any traditional end of chapter examples-these can be found in existing textbooks for example (Brown, Cheng et al 2014) . We have included many references to journal articles including both current research and more historical material. We believe you will be ready to tackle this material with the help of our short book.
Finally, we think it is worth simply celebrating this remarkable contribution of physics to clinical practice. Who would have thought that the tiny proton magnetic moment, discovered by Otto Stern in 1933, would have such an important role to play in modern medicine! xi
Introduction
The MRI experience Today the experience of an MRI scan using a typical clinical scanner is routine but exceptionally interesting for a physicist. Firstly, as you enter the MR suite, you will be asked questions to ensure you have no metal implants or other contraindications. If you pass this test you will be asked to remove any metal objects such as your wallet, watch, any rings and glasses. You will then be allowed to approach the scanner itself. First you pass through the control room from where the scanner is operated. The control room would not look out of place in a physics lab, having a number of computer screens displaying multiple windows for instrument control and image viewing. There will be a window for viewing the scanner itself which is in a separate adjacent room. The scanner room is actually a Faraday cage, if you look carefully you should spot metal sealing strips on the edge of the (unexpectedly thick) door to the scanner room which will be kept closed during your scan. You might also notice that the window between the scanner and control room contains a fine metal mesh.
Once inside the scanner room you meet the generally doughnut shaped scanner itself (figure 0.1), superficially it looks similar to other body scanners such as CT or PET but actually the cylindrical bore, within which you are about to be placed, is tighter (60 or 70 cm diameter) and longer (between 1.5 and 2.5 m). Most scanners in fact contain a very powerful superconducting magnet and precautions are necessary to prevent accidents caused by ferromagnetic objects flying into the scanner. The next step is for you to be helped onto the bed associated with the scanner and once comfortable you will have a 'coil' placed over the area to be imaged. This could either be a cage placed snugly over your head or a more flexible blanket-like structure placed around your body. You will also be equipped with ear protectors or headphones and a panic button. The panic button and headphones are likely to be pneumatic-great care is taken to avoid conducting wires inside the scanner bore.
You are now ready to enter the scanner, the operator, usually a radiographer or technician, presses a button and the bed automatically rises and slides gently into the scanner. This is the moment when you find out if you suffer from claustrophobia and understand why you have a panic button. Some people might also notice a metallic taste due to eddy currents induced in metal dental work as their head moves into the high magnetic field inside the scanner. If you have a brain scan then you will end up with your head in the geometrical centre of the system and notice that the coil around you head has a cunningly arranged mirror allowing you to see out through the bore.
As you wait for the scan to begin, you notice the operator returns to the control room leaving you alone. Actually although leaving would be mandatory for a CT scan this not really necessary for MRI; people can stay if clinically necessary. The operator will tell you the scan is starting and after a short time the most appalling banging noise will suddenly start-you remember you were told not to move during the scan and try not to react. The banging continues intermittently to the end of the xiii scanning process with interesting variations in rhythm and intensity of the noise. The process continues on and off for quite a time, typically 10-40 min. Finally, at the end the operator returns and initiates the movement of the bed back out of the scanner. You can now retrieve your possessions and leave the scanning suite.
As you leave you can reflect on the fact that while your scan may have been uncomfortable, you have not been exposed to any ionising radiation and the soft tissue contrast on the 3D images acquired is far superior to that that could be attained using CT.
In fact, the scanning process is a wonderfully complicated physics experiment having at its heart the manipulation of small bar magnets. And although these bar magnets are in fact protons-for this purpose they are not so different from their larger cousins that you almost certainly played with as a child and which may indeed have inspired you to choose to study science. A schematic cut section through a superconducting MRI scanner is shown in figure 0.2
The aim of this book is to explain in detail the physics and mathematics behind the processes described here.
Finally, if you are now keen to experience MRI for yourself, it may be possible to volunteer for an MRI research scan as a healthy subject at a nearby university lab or teaching hospital. 
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Chapter 1
The basics
In this chapter we introduce magnetic resonance imaging (MRI), starting with a brief history and then explaining the physics of proton spin and the way ensembles of spins relax back to equilibrium after a perturbation thereby generating the signals that are the basis for both nuclear magnetic resonance (NMR) and MRI. Finally, we introduce the methods used to obtain position dependent signals-or images.
A brief history of MRI
There are arguably three strands to the story of MRI: firstly, there is the discovery and basic understanding of nuclear spin, particularly that of the proton. Secondly, there is the development of methods to exploit excitation of nuclear spins for spectroscopy (NMR) and later imaging (MRI). Finally, there is the development of the very high field superconducting magnets that are necessary for real world practical applications.
Much (but not all) of the story can be found in table 1.1 of Nobel prizes awarded for relevant work.
Spin and magnetic moments
The iconic Stern-Gerlach experiment performed in 1922 (Gerlach and Stern 1922a, 1922b) , whereby a beam of silver atoms was split into two components by an inhomogeneous magnetic field, was the first demonstration that atomic electrons had quantized intrinsic angular momentum (spin) and an associated intrinsic magnetic moment. At the time this was an unexpected result. Stern went on to discover and measure the proton magnetic moment in 1933. The experimental methods of Stern were refined by Rabi who showed that a radiofrequency (RF) field would cause spins to oscillate between energy levels (Rabi 1937). To this day, RF fields are used to excite spins for both NMR and MRI. The introduction of the Dirac equation in 1928 (Dirac 1928a (Dirac , 1928b ) provided a sound theoretical framework for interpreting these results and correctly predicted the value of the electron For his basic inventions and discoveries in the area of low temperature physics, which included the discovery of superfluidity in He. Nicolaas Bloembergen 1 Dirac is one of our greatest theoretical physicists but arguably under-recognised, he should be mentioned whenever possible. The relativistic Dirac equation of 1928 predicted not only the existence of spin ½ and associated magnetic moments ℏ e m /2 but also anti-particles. 2 Kapitsa is included here for his development of a method for the bulk production of liquid He. This was done while working in the Mond Laboratory in Cambridge in 1934. Of course he made many other valuable contributions to both theoretical and experimental physics. 3 For his pioneering work on relaxation mechanisms published in 1948 (Bloembergen et al 1948) . 4 Specifically for his work on type II superconductors now used in all modern clinical MRI magnets.
The Physics and Mathematics of MRI 1-2 magnetic moment. The proton magnetic moment, however, was found to be about 2.79 times greater than predicted. With the benefit of hindsight, this so-called anomalous proton magnetic moment can be understood as early evidence that the proton has substructure rather than as any failure of Dirac's theory. A brief treatment of the quantum mechanics of spin ½ systems is given in appendix A.
NMR
Bloch and Purcell shared their 1952 Nobel Prize for separate important contributions to the then emerging field of NMR. Bloch also made important contributions to many areas of solid state physics. His 1946 papers include the introduction of the Bloch equations and a description of an experiment to detect RF emission from excited protons (Bloch 1946 , Bloch et al 1946 . Purcell's contributions included studies of the proton spin relaxation mechanisms found in solids (Bloembergen et al 1948 , Purcell et al 1946 .
Richard Ernst introduced major improvements to NMR, in particular he and Wes Anderson replaced the slow RF frequency sweep used in previous NMR work by a fast intense RF pulse producing much improved signals from which frequency spectra could be measured by means of a Fourier transform (Ernst and Anderson 1966) . Finally, we should also mention Norman Ramsey who made important theoretical contributions to the calculation of chemical shifts and spin-spin coupling constants in the 1950s; the paper by Pyykko (2000) has a nice discussion.
MRI
By 1970, interest was emerging for clinical applications of NMR, for example in 1971 Damadian published an ex vivo study showing that the T 1 and T 2 relaxation times differed in healthy tissue and cancers (Damadian 1971); a patent was subsequently filed for this idea in 1972 and awarded in 1974 (Damadian 1974 . Although there has been subsequent controversy over priority, this early patent does not appear to have offered any practical method of in vivo imaging.
The crucial first step towards converting NMR spectroscopy of a bulk sample towards imaging over a distributed sample was made by Paul Lauterbur in 1973; his seminal experiment (Lauterbur 1973) is described in more detail below. Peter Mansfield introduced the use of multiple gradient directions and the k-space formalism for rapid image acquisition in 1977 (Mansfield 1977) . At this point the stage was set for clinical MRI to take off and indeed this is exactly what happened, with progress from then on depending more on hardware improvements than theoretical innovations.
A main magnet producing a static magnetic field of sufficient strength and uniformity over useful volumes is the primary hardware requirement of clinical MRI. We use the symbol B 0 to denote the main static magnetic field produced by the MR magnet (or B 0 if we are interested in the vector direction). The first clinical MRI scans were performed in the early 1980s using air-cored electromagnets with conventional copper wound coils having = B 0.08 T 0 at the University of Electromagnets are expensive to run and generate large amounts of heat, thus they are not very practical in a clinical setting. However, iron-cored resistive magnets are still used for some purposes. One example is the Fonar 0.6 T open access system which allow patients to sit or stand. This can be less stressful for the patient and may be clinically advantageous in for example spinal studies. In addition there are systems based on permanent rare-earth magnets that can also provide geometries offering a more open access to patients, and have B 0 fields up to 0.3 T.
However, in practice the rapid growth in clinical MR in the mid 1980s was due to the introduction of reliable superconducting magnets that were cheaper to run and gave higher fields with better uniformity over larger volumes. We will concentrate on these systems for the rest of this book.
Superconductivity
The rapid uptake of clinical MRI in the 1980s was directly linked the availability of reliable superconducting magnets having uniform high magnetic fields over a clinically useful field of view (FOV). These developments were actually some 70 years after the original, Nobel Prize winning, discovery by Kamerlingh Onnes in 1911 of superconductivity in mercury cooled by liquid He to a temperature of 4.2 K (Onnes 1911). The path from the original discovery to practical high field magnets is a long and interesting story involving both a deeper theoretical understanding of the phenomenon itself, the development of practical superconducting wire, and methods of producing and containing large volumes of liquid He. Accounts of the theoretical basis for superconductivity can be found in many textbooks, for example Kittel (2005) . The development of large superconducting solenoids for high energy physics detectors began in the 1960s with the development of effcient conductors based on type II superconductivity in 1961 by Kunzler et al (1961) . This topic is discussed further in chapter 2.
Currently most clinical MRI systems have magnets with fields between 0.5 and 3.0 T. Higher field human capable systems with fields of up to 11 T also exist, but are currently used only for research.
Proton spin
The proton is the nucleus of the hydrogen atom and is an elementary particle with positive electrical charge = e 1.60217 C, spin angular momentum = ℏ S is used for the standard value of μ . p Thus the proton is a tiny bar magnet (magnetic dipole) and gyroscope as well as being electrically charged. It is the proton magnetic moment that is the source of the signals measured by MRI. In this context it is helpful that human tissue is typically 70% water, with two hydrogen atoms per molecule. Thus in clinical MRI there are usually plenty of available protons to generate the required signals 2 .
Precession
A magnetic dipole μ placed in a magnetic field B 0 experiences a torque μ × B 0 and also a force μ ⋅ ∇B 0 if the field is non-uniform. The torque causes the dipole to acquire a potential energy μ − ⋅ B 0 which is a minimum when μ and B 0 are parallel. Any rotation induced by the torque causes a change of angular momentum in the direction perpendicular to both μ and B 0 . As indicated in equation (1.1) the proton spin angular momentum S is parallel to μ p causing the proton magnetic moment to precess at rate γ B p in the magnetic field. (The proton-gyromagnetic ratio γ p is defined in appendix A.13.) The proton precession is analogous to the precession of a gyroscope in the Earth's gravitational field and figure 1.1 shows the classical calculation of the precession rate for both cases. Appendix A gives an alternative quantum mechanical derivation of the proton precession rate (happily both methods agree).
In the absence of a magnetic field the proton spins have no preferred direction and no macroscopic effects due to the magnetic moments are observable. If the sample is placed in a uniform magnetic field B 0 each proton acquires energy μ − ⋅ B 0 and thermal equilibrium will quickly be reached. The actual distribution of spin orientation is most properly described using the density matrix formulation, see for example Levitt (2008) 
